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1 Introduction
In the theory of elliptic curves, the division polynomials are important for
the study of the structure of the torsion subgroup. Moreover the division
polynomials have various applications. For example, they appear in some
equalities of the canonical local height functions.
The author generalized these equalities to the Jacobian varieties of curves
of genus two, and reported them in this symposium last year. In this
poster, we generalize them to the Jacobian varieties of general hyperellip-
tic curves over C.
2 Review on the theory of hyperelliptic functions
Let C be a non-singular projective curve of genus g over C defined by
y2 = f (x) = x2g+1 + ¸2gx
2g + ¢ ¢ ¢ + ¸1x + ¸0:
Then f (x) has no multiple roots and C has the unique point1 at infinity.









(k + 1¡ j)¸k+jxkdx:
Let ®1; : : : ; ®g; ¯1; : : : ; ¯g be a symplectic basis of H1(C;Z). Then their
intersections satisfy ®i ¢ ®j = ¯i ¢ ¯j = 0 and ®i ¢ ¯j = ±ij, where ±ij is


























We write e(z) = exp(2¼














t(n + a)¿ (n + a) + t(n + a)(z + b)
¶
;
where z 2 Cg, ¿ 2 Mg(C) is symmetric, Im(¿ ) is positive definite, and


























Definition 1.We define the hyperelliptic sigma function on Cg by







where c is a certain constant.
For any u 2 Cg, we denote by u0 and u00 the elements in Rg satisfying



















Note that Â(l) = §1.
Proposition 2 (Translational relation).For any u 2 Cg and any
l 2 Λ, we have










We define the hyperelliptic }-functions by
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log ¾(u); : : : ; i; j; k; : : : 2 f1; 2; : : : ; gg:
Then the hyperelliptic }-functions and their derivatives are periodic with
respect to Λ.
Let J be the Jacobian variety of C. We consider J = Cg=Λ and let
p : Cg ! J be the natural projection. We can consider }ij, }ijk, . . . as
meromorphic functions on J .
We define the theta divisor Θ by
Θ = p(fu 2 Cg ¯¯ ¾(u) = 0g):
We have the addition formula as follows:
Theorem 3 (Buchstaber-Enolskii-Leykin).We have
¾(u + v)¾(u¡ v)
¾(u)2¾(v)2
= Fg(u; v);
where Fg(u; v) is a polynomial in }ij(u) and }ij(v) with integral
coefficients.
3 The division polynomials






Then Án(u) is periodic with respect to Λ. Therefore it is a meromorphic
function on J . Since Án(u) has no poles except along Θ, it is represented
as a polynomial in }ij(u) and }ijk(u). More precisely, the following the-
orems hold.
Theorem 5.We have
Á0(u) = 0; Á1(u) = 1; Á2(u) =
@lFg(v; u)





where g = 2l ¡ 1 or g = 2l. In particular, Á0(u), Á1(u), and Á2(u)
are polynomials in }ij(u) and }ijk(u) with coefficients in the ring
Q[¸i].
Theorem 6.For any integer n, Án(u) is a polynomial in }ij(u) and
}ijk(u) with coefficients in the field Q(¸i).
We conjecture a stronger statement.
Conjecture 7.For any integer n, Án(u) is a polynomial in }ij(u)
and }ijk(u) with coefficients in the ring Q[¸i].
Remark.This conjecture is true for g = 1; 2. The case where g = 1 is
well-known, and the case where g = 2 is described by Kanayama (2005).
4 The canonical local height function
We give an explicit formula for the canonical height function (Ne´ron func-
tion) on the Jacobian J over C. We begin with the following definition.
Definition 8.The function ˆ¸ : J n Θ ! R is called the canonical lo-
cal height function (associated with Θ) if the following conditions are
satisfied.
(i) ˆ¸ is a local height function (Weil function) associated with Θ.
(ii) For all P 2 J n Θ,
ˆ¸([2]P ) = 4ˆ¸(P )¡ log jÁ2(P )j:
Note that ˆ¸ is uniquely determined.
We have the following theorem and corollaries.
Theorem 9.Let P 2 JnΘ. We can take u 2 Cg such that p(u) = P .
Then we have











Corollary 10 (Quasi-parallelogram law).Let P;Q 2 J . If P;Q; P +
Q;P ¡Q =2 Θ, then we have
ˆ¸(P +Q) + ˆ¸(P ¡Q) = 2ˆ¸(P ) + 2ˆ¸(Q)¡ log jFg(P;Q)j:
Corollary 11.Let n be a non-zero integer and P 2 J n Θ. If
[n]P =2 Θ, then we have
ˆ¸([n]P ) = n2 ˆ¸(P )¡ log jÁn(P )j:
-116-
代数幾何学シンポジウム記録
2007年度   pp.116-116
